Abstract. -The Poisson-Boltzmann approach gives asymptotically exact counter-ion density profiles around charged objects in the weak-coupling limit of low valency and high temperature. In this paper we derive, using field-theoretic methods, a theory which becomes exact in the opposite limit of strong coupling. Formally, it corresponds to a standard virial expansion. Long-range divergences, which render the virial expansion intractable for homogeneous bulk systems, are shown to be renormalizable for the case of inhomogeneous distribution functions by a systematic expansion in inverse powers of the coupling parameter. For a planar charged wall, our analytical results compare quantitatively with extensive Monte-Carlo simulations.
To proceed, consider the Hamiltonian of a system of N ions of valency q at an impenetrable and oppositely charged wall of number density of surface charges σ s ,
where ℓ B = e 2 /4πεk B T is the Bjerrum length which measures the distance at which two unit charges interact with thermal energy; in water ℓ B ≈ 0.7nm. The dielectric constant is assumed to be homogeneous throughout the system. The Gouy-Chapman length, µ = 1/2πqσ s ℓ B , measures the distance from the wall at which the potential energy of an isolated ion reaches thermal energy. Rescaling all lengths by µ according to r = µr, the Hamiltonian reads
and thus only depends on the coupling parameter Ξ = 2πq 3 ℓ 2 B σ s . Using the fact that the typical distance of an ion from the wall is in reduced unitsz ∼ 1 (which holds both in the weak and strong-coupling limits, as we will show below) the confinement energy, the second term in Eq. (2) , is of order unity per particle. The typical distance between ions scales asr ∼ Ξ 1/2 (for Ξ > 1) or liker ∼ Ξ 1/3 (for Ξ < 1 and assuming a liquid-like structure) and thus the repulsive energy between two ions at this distance, as determined by the first term in Eq. (2), is of order Ξ 1/2 for Ξ > 1 or Ξ 2/3 for Ξ < 1. It thus follows on rather general grounds that for a large coupling parameter, Ξ > 1, the ionic structure is dominated by mutual repulsions, suggesting crystallization, while for weak coupling Ξ < 1 these repulsions should be rather unimportant.
In Fig.1 we show ion-distribution snapshots from Monte-Carlo simulations for Ξ = 0.1, 10, 10 4 . For small Ξ, Fig.1a , repulsive ion-ion interactions are indeed not playing a dominant role, the ion distribution is rather disordered and mean-field theory should work, since each ion moves in a diffuse cloud of neighboring ions. For large Ξ, on the other hand, ion-ion repulsions are strong and ion-ion distances are large compared to the distance from the wall. In Fig.1c the ions form a flat layer on the charged wall. A two-dimensional one-component plasma is known to crystallize for plasma parameter Γ ≈ 125 [10] . From the definition of the two-dimensional plasma parameter [10] we obtain the relation Ξ = 2Γ
2 . This leads to a crystallization threshold (in units of our coupling parameter) of Ξ ≈ 31000 meaning that all three systems in Fig.1 are below the crystallization threshold. However, mean-field theory is expected to break down, at least for the system shown in Fig.1c , because each ion moves, though confined by its immediate neighbors in the lateral directions, almost independently from the other ions along the vertical direction (which constitutes the soft mode). Let us now see how these notions can be made concrete in a field-theoretic formulation.
The partition function of a system of N counter-ions interacting via Coulomb interactions v(r) = 1/r among themselves and with a distribution σ(r) is given by
where the field h has been added to calculate density distributions later on. We implicitly assume the configurational integral to span the upper half space (z > 0) only. At this point we employ a Hubbard-Stratonovitch transformation, similar to previous implementations of a field theory for charged system [7, 11] , which leads to
For simplicity, we perform a Legendre transformation to the grand-canonical ensemble, Q = N λ N Z N , and thereby introduce the fugacity λ. The inverse Coulomb operator follows from Poisson's law as v −1 (r) = −∇ 2 δ(r)/4π. The grand-canonical partition function can therefore be written as
where θ(z) = 1 for z > 0 and zero otherwise. Next we rescale the action, similarly to our rescaling analysis of the Hamiltonian in the beginning. All lengths are rescaled by the Gouy-Chapman length, r = µr, the fluctuating field is rescaled by the valency, φ =φ/q. We also use the explicit form σ(r) = σ s δ(z) for the fixed charge distribution. The result is
where the rescaled fugacity Λ is defined by
The expectation value of the counter-ion density, ρ(r) , follows by taking a functional derivative with respect to the generating field h, ρ(r) = δ ln Q/δh(r)µ 3 , giving rise to
The normalization condition for the counter-ion distribution, µ dzρ(z) = σ s /q, which follows directly from the definition of the grand-canonical partition function, leads to
This is an important equation since it shows that the expectation values of the fugacity term in Eq. (6) is bounded and of the order of unity per unit area. Let us first repeat the saddle-point analysis, which, because of the structure of the action in Eq.(6), should be valid for Ξ ≪ 1. The saddle-point equation reads
−ıφ(z) (10) with the boundary condition dφ(z)/dz = −2ı atz = 0. The solution of this differential equation is ıφ(z) = 2 ln 1 + Λ 1/2z (11) while the boundary condition leads to Λ = 1, which shows that the saddle-point approximation is indeed valid in the limit Ξ ≪ 1. Combining Eqs. (8) and (11), the density distribution of counter ions is given by the well-known result
Let us now consider the opposite limit, when the coupling constant Ξ is large. In this case, the saddle-point approximation breaks down, since the prefactor in front of the action in Eq.(6) becomes small. This has been seen in a systematic loop-wise expansion around the saddle point, where the corrections to the saddle-point solution are proportional to powers of Ξ and thus become large [7] . However, from the field-theoretic partition function Eq. (6), it is self-evident what has to be done in this limit. Since the fugacity term is bounded, as evidenced by Eq. (9), one can expand the partition function (and also all expectation values) in powers of Λ/Ξ. Upon Legendre transformation to the canonical ensemble, this gives the standard virial expansion. The normalization condition Eq.(9) can be solved by an expansion of the fugacity as Λ = Λ 0 + Λ 1 /Ξ + . . ., which leads to an expansion of the density profile with the small parameter 1/Ξ. While the standard virial expansion fails for homogeneous bulk systems because of infra-red divergences, these divergences are renormalized for the present case of inhomogeneous distribution functions via the normalization condition Eq. (9) as we will now demonstrate. To leading order in this expansion, the rescaled density is From the normalization condition Eq.(9) we obtain
and thus the density distribution is to leading order given by
The density profile in the strong coupling limit Ξ → ∞ is thus given by a simple exponential, while the profile in the weak-coupling (Poisson-Boltzmann) limit Ξ → 0, Eq. (12), is given by a power law. Both distributions give the same density at the wall, which is a trivial consequence of the contact-value theorem since the net force on the wall is zero [7] . Just to avoid confusion at this stage, we stress that the exponential density profile Eq.(15) has nothing to do with the Debye-Hückel approximation. It is true that an exponential density profile (though with a different density contact value and thus violating the contact-value theorem) also follows from linearizing the differential equation Eq.(10). However, the linearized solution can never be a more faithful representation of the true density profile than the full non-linear solution, and secondly, nothing in the saddle-point equation indicates that linearization should be valid for large values of Ξ, because Eq.(10) does not depend on Ξ. It is the saddle-point approach itself (the framework within which the Debye-Hückel approximation can be formulated) which becomes invalid when Ξ becomes large. In Fig.2 we show counter-ion density profiles obtained using Monte Carlo simulations for various values of the coupling parameter Ξ. As can be seen, the PB density profile Eq.(12) is only realized for Ξ < 1, while the strong-coupling profile Eq.(15) is indeed the asymptotic solution and agrees with simulation results for Ξ > 10 4 . Experimentally, a coupling parameter Ξ = 100, which is already quite close to the strong-coupling limit (see Fig.2 inset) , is reached with divalent ions for a surface charged density σ s ≈ 3.6nm −2 , which is feasible with compressed charged monolayers, and with trivalent counter ions for σ s ≈ 1nm −2 , which is a typical value. The strong-coupling limit is therefore experimentally accessible. In our simulations we employ periodic boundary conditions in the lateral directions, while the ions are unconfined vertically. Forces and energies are calculated following the approach by Lekner [12] and Sperb [13] where the sum over the periodic images is transformed into a rapidly converging expansion in terms of Bessel functions [14] . Since the number of particles in the simulation, N , is related to the linear box size (in units of the Gouy-Chapman length µ) byL = L/µ = √ 2πN Ξ, effects due to the finite number of particles and effects due to the finite lateral box size are connected. In Fig.3 we show MC density profiles for a fixed coupling constant Ξ = 0.1 and for various number of particles. For all but the smallest systems with 5 and 15 particles finite-size effects are negligible.
In summary, we have derived within a field-theoretic framework the strong-coupling theory for counter-ion distributions, valid in the limit of large valencies and/or low temperatures. It corresponds to a standard virial expansion of the field-theoretic action, which gives meaningful results because long-range divergences, which spoil the free-energy virial expansion for bulk systems and lead to non-analytic terms [15] , are subtracted by a fugacity renormalization. This theory thereby complements the Poisson-Boltzmann approach, which works for the oppposite limit of weak coupling. We note that an exponential density profile (albeit with a different prefactor) has been derived in the strong-coupling limit by Shklovskii using a heuristic model where ions bound to the wall are in chemical equilibrium with free ions [2] .
Next-leading order results for the density profile within our strong-coupling theory, and comparison of these corrections with Monte-Carlo simulations, will be presented in a future publication. Also, generalization to other geometries, including the pressure between two charged walls, the presence of salt, dielectric boundaries, and hard-core interactions are straightforward within our theory and will be published soon. For the case of a cylinder with a radius R and linear charge density τ we obtain that the strong-coupling theory is valid for Ξ c ≫ 1 with the cylindrical coupling parameter defined as Ξ c = q 3 ℓ 2 B τ /R. The Manning condensation threshold is reflected by the fact that the density distribution is not normalizable for τ ℓ B < 1. For τ ℓ B > 1 only part of the counter ions are condensed and the normalization condition Eq. (9) is modified. The result for the density profile in the limit Ξ c ≫ 1 is ρ(r) = (τ ℓ B q − 1) 2 πℓ B q 2 R 2 r R −2τ ℓBq (16) and thus exhibits purely algebraic decay, in contrast to the PB prediction [16] but in agreement with Shklovskii's results [2] . Finally, we note that the strong-coupling limit not necessarily entails unrealistically small Gouy-Chapman lengths. Writing the Gouy Chapman length as µ = ℓ B q 2 /Ξ, it is clear that µ can be fixed at a moderate value for highly valent ions even when Ξ ≫ 1. In this case, however, one would have to worry about the effect of discrete surface charges. ***
